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FINITE INDEX SUBGROUPS IN CHEVALLEY
GROUPS ARE BOUNDED:
AN ADDENDUM TO “ON BI-INVARIANT WORD
METRICS”
ŚWIATOSŁAW R. GAL, JAREK KĘDRA, AND ALEXANDER A. TROST
Abstract. We prove that finite index subgroups in S-arithmetic
Chevalley groups are bounded.
1. Introduction
A group G is called bounded if every conjugation invariant norm on G
has finite diameter. Examples of bounded groups include SL(n,Z) for
n ≥ 3, Diff0(M), where M is a manifold of dimension different from
2 and 4, the commutator subgroup of Thompson’s group F and many
others. A finite index subgroup of a bounded group does not have to
be bounded. The simplest example is the infinite cyclic subgroup of
the infinite dihedral group. The purpose of this note is to prove the
following result.
Theorem. Let G be a Chevalley group over the ring of S-integers in a
number field k constructed from a root system whose irreducible com-
ponents all have rank at least 2. If H ≤ G is a subgroup of finite index
then it is bounded.
The above theorem generalises the main result of the paper [2]. The
proof is similar with an additional ingredient being an explicit form of
bounded generation of a finite index subgroup of a boundedly generated
group. We also correct a couple of mistakes from the original proof.
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2. Definitions and known facts
2.1. Norm. A conjugation invariant norm of a group G is a nonneg-
ative function ν : G→ R such that the following conditions
(1) ν(g) = 0 if and only if g = 1,
(2) ν (g−1) = ν(g),
(3) ν(gh) ≤ ν(g) + ν(h),
(4) ν (h−1gh) = ν(g)
hold for every g, h ∈ G.
2.2. Bounded group. A group G is called bounded if the diameter
diam(G, ν) = sup{ν(g) | g ∈ G} <∞
for every conjugation invariant norm ν. If G is generated by finitely
many conjugacy classes then its boundedness is equivalent to the bound-
edness of any conjugation invariant word norm [2, Section 2.C].
2.3. Arithmetic group. Let k be a number field (i.e. a finite exten-
sion of Q) and let Vk denote the set of equivalence classes of valuations
of k. Let S ⊂ Vk be a finite set containing all archimedean valuations.
The ring of S-integers is defined by
OS = {x ∈ k | v(x) ≥ 0 for all v /∈ S}.
Let G be a connected algebraic group defined over k with a fixed
embedding G→ GL(r). A subgroup of G that is commensurable with
G(OS) = G ∩ GL(r,OS) is called an S-arithmetic group [4, page 61].
More generally, an S-arithmetic group can be defined over any global
field.
2.4. Chevalley group [1, 5]. Let g be a semi-simple complex Lie al-
gebra over C with Cartan subalgebra h. Let Φ be a root system of g
with respect to h with simple roots {α1, . . . , αk} ⊂ Φ. Let
{Hαi(1 ≤ i ≤ k);Xα(α ∈ Φ)}
be a Chevalley basis of the algebra g, and let gZ be its linear envelope
over Z. Let ϕ : g → gl(r,C) be a faithful representation. There is
a lattice L ⊂ Cr which is invariant with respect to all operators of
the form ϕ(Xα)
m/m!, where m ∈ N. If k is an arbitrary field then
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homomorphisms xα : (k,+) → GL(L ⊗ k) of the additive group of k
into GL(L⊗ k) are defined and given by the formulas
xα(t) =
∞∑
m=0
tm
ϕ(Xα)
m
m!
.
The subgroupG(Φ,k) ⊂ GL(L⊗k) generated by {xα(t) : α ∈ Φ, t ∈ k},
is called the Chevalley group associated with the root system Φ, the
representation ϕ and the field k.
2.5. Chevalley’s commutator formula. The root elements of the
Chevalley group G(Φ,k) satisfy the following relations:
xα(s)xα(t) = xα(s+ t)
[xα(s), xβ(t)] =
∏
i,j>0
xiα+jβ(Ci,jt
isj)
where the product is taken in the increasing order of i + j > 0 and
Ci,j ∈ {±1,±2,±3} [3, Lemma 32.5, Propositions 33.3–5].
2.6. Semisimple elements of Chevalley groups. Besides the root
elements one also has semisimple elements of G(Φ,k) which are defined
as follows. Let α ∈ Φ be a root, 0 6= t ∈ k and set
hα(t) := xα(t)x−α(−t
−1)xα(t)xα(−1)x−α(1)xα(−1).
They are related to the root elements as follows. Let α, β ∈ Φ be roots
and let 〈β, α〉 := 2 (β,α)
(α,α)
be a corresponding Cartan integer. Then the
following equation holds
hα(t)xβ(u)hα(t)
−1 = xβ(t
〈β,α〉u).
where u, t ∈ k and t 6= 0 [5, Lemma 20(c)].
2.7. S-arithmetic Chevalley groups. Let G(Φ,k) be a Chevalley
group over a number field k. We consider the S-arithmetic group
G(Φ,OS) over the ring of S-integersOS ⊂ k. Let E(Φ,OS) ⊂ G(Φ,OS)
be the subgroup generated by the root elements xα(t), where α ∈ Φ
and t ∈ OS. It is known that it is a subgroup of finite index. We shall
call it an elementary Chevalley group.
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2.8. Tavgen′s theorem. Let Φ be an irreducible root system of rank
at least 2. If G = E(Φ,OS) is an elementary S-arithmetic Chevalley
group then there exists a number m ∈ N such that every element
g ∈ G can be written as g = xα1(t1) · · ·xαm(tm), for some ti ∈ OS [6,
Theorem A]. We say that G has bounded generation with respect to root
elements.
3. Proof
Let us recall the following observation which will be frequently used in
this section. If a group H contains a finite index bounded subgroup H ′,
then H itself is bounded. Indeed, for any conjugation-invariant norm
ν defined on H one has for a given finite set of representatives T of left
cosets of H ′ in H that
diam(H, ν) ≤ diam(H ′, ν|H′) + max{ν(t)|t ∈ T} <∞.
This implies that it suffices to prove the statement for G = E(Φ,OS),
the elementary Chevalley group instead of the full one. Next observe
that each finite index subgroup H of G contains a normal subgroup H ′
of finite index. Thus it suffices to consider only the case H of finite
index and normal in G.
Lemma 1. Let G = E(Φ,O) be an arithmetic Chevalley group of
rank at least 2 constructed from the irreducible root system Φ and H
a finite index normal subgroup of G. Further let α be a root and ν a
conjugation-invariant norm on H. Then the group {xα(a)|a ∈ O} ∩H
is bounded with respect to ν.
Proof. Let ξ0 = 1, ξ1, . . . , ξr ∈ O be a basis of O over Z, i.e. O splits as
a direct product
⊕r
i=0 Zξi. Let p ∈ N be the smallest positive integer
such that the elements xδ(pξl) ∈ H for all δ ∈ Φ and 0 ≤ l ≤ r.
For a ∈ O observe that there are integers m0, . . . , mr such that a =
m0 + m1ξ1 + · · · + mrξr. Using division with remainder we can find
integers nl and rl with 0 ≤ rl < p such that ml = pnl+ rl for 0 ≤ l ≤ r.
But then we get
xα(a) = (xα(pξ0)
n0 · · ·xα(pξr)
nr)xα(r0ξ0 + · · ·+ rrξr).
Observe that for the second factor there are only finitely many possi-
bilities and thus it suffices to show that the cyclic subgroup generated
by xα(pξl) for 0 ≤ l ≤ r is bounded with respect to ν. Using the same
division with remainder trick for these subgroups again, it actually suf-
fices to find a non-zero multiple v of p such that the cyclic subgroup
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generated by xα(vξl) for 0 ≤ l ≤ r is bounded with respect to ν. In
the following let ξ be one of the ξl.
There exists a subsystem Ψ ⊂ Φ isomorphic to one of A2, B2 or G2
such that α ∈ Ψ. Moreover, if α ∈ A2 there exist β, γ ∈ A2 such that
α = β+ γ and that no other positive combination of β and γ is a root.
The same holds if α ∈ B2 or α ∈ G2 is a long root. It follows from (2.5)
that
xα(pξ)
Cpn = [xβ(pξ), xγ(pn)]
for any n ∈ Z and some C ∈ {±1,±2,±3}. In particular,
ν(xα(Cp
2ξ)n) ≤ 2ν(xβ(pξ))
which implies that ν(xα(pξ)
n) is bounded if α is either a root contained
in A2 or a long root in B2 or G2. In particular, this implies that the
set {xα(pa)
n|n ∈ N} is bounded for all a ∈ O if α is a long root in G2
or B2.
If α ∈ B2 is a short root then there exist β, γ ∈ B2 such that α = β+γ
and β + 2γ is a long root and no other positive combination of β and
γ is a root. Applying (2.5) again, we get that
[xβ(pξ), xγ(pn)] = xα(p
2ξCn)xβ+2γ(p
3ξC ′n2)
xα(pξ)
Cpn = [xβ(pξ), xγ(pn)] xβ+2γ(−p
2ξ)C
′pn2.
which implies that
ν(xα(p
2Cξ)n) ≤ 2ν(xβ(pξ)) + ν(xβ+2γ(pξ)
−C′p2n2).
However note that β + 2γ is a long root and hence we already know
that ν(xβ+2γ(pξ)
−C′p2n) is bounded independently from n.
Now if α ∈ G2 is a short root, then there are β, γ ∈ G2 such that
β + γ = α and further β + 2γ and 2β + γ are both long roots and no
other positive combination of β and γ are roots. Applying (2.5) again,
we get that
[xβ(pξ), xγ(pn)] = xα(p
2ξCn)xβ+2γ(p
3ξC ′n2)x2β+γ(p
3ξ2C ′′n)
xα(pξ)
Cpn = [xβ(pξ), xγ(pn)]xβ+2γ(−p
3ξC ′n2)x2β+γ(−p
3ξ2C ′′n).
which implies that
ν(xα(p
2Cξ)n) ≤ 2ν(xβ(pξ))+ν(xβ+2γ(pξ)
−C′p2n2)+ν(x2β+γ(pξ
2)−p
2C′′n).
Now the terms ν(xβ+2γ(pξ)
−C′p2n2) and ν(x2β+γ(pξ
2)−p
2C′′n) are bounded
as β+2γ and 2β+γ are long roots in G2. This concludes the proof. 
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Lemma 2. Let G = E(Φ,OS) be an S-arithmetic Chevalley group of
rank at least 2 constructed from the irreducible root system Φ and H
a finite index normal subgroup of G. Further let ν be a conjugation-
invariant norm on H. Then the set
{yxα(a)y
−1|a ∈ OS, y ∈ G,α ∈ Φ} ∩H
is bounded with respect to ν.
Proof. We start with the observation that there exists an element u ∈ O
such that OS = O[u
−1]. Indeed, let pi ⊆ O be the ideal corresponding
to a non-archimedean valuation vi ∈ S. Let U =
∏
i pi. Since the
number of classes of ideals of O is finite, there exists n ∈ N and u ∈ O
such that Un = (u). Then for any x ∈ OS we have that u
kx ∈ O for
some k ∈ N which implies the claim.
Since there are only finitely many elements in Φ, it suffices to show the
boundedness of the set
{yxα(a)y
−1|a ∈ OS, y ∈ G} ∩H
for a given root α. Since OS = O[u
−1], for each element a ∈ OS there
exists k ∈ N and b ∈ O such that a = u−kb. By 〈α, α〉 = 2 and (2.6)
it follows that hα(u
−k)xα(u
kb)hα(u
k) = xα(u
−kb) holds. Since H is
normal, it suffices to show boundedness for the set
{yxα(a)y
−1|a ∈ O, y ∈ G} ∩H.
Let T ⊂ G be a finite set of representatives of right cosets of H in G,
so that each y ∈ G can be written as y = ht for some h ∈ H and t ∈ T .
If yxα(a)y
−1 ∈ H for a ∈ O then
ν(yxα(a)y
−1) = ν(h(txα(a)t
−1)h−1) = ν(txα(a)t
−1).
Since the set T is finite, it suffices to show that {txα(a)t
−1|a ∈ O}∩H
is bounded for any given t ∈ T. As H is normal, the function
νt : H ∩ E(Φ,O)→ R≥0,
x 7→ ν(txt−1) defines a conjugation invariant norm on the finite index,
normal subgroup H ∩ E(Φ,O) of E(Φ,O). Thus Lemma 1 yields that
{txα(a)t
−1|a ∈ O} ∩H = t({xα(a)|a ∈ O} ∩ (H ∩ E(Φ,O)))t
−1
is indeed bounded with respect to ν. 
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Proof of Theorem. We first prove the special case for G constructed
from an irreducible root system Φ.
For each α ∈ Φ let Eα := {xα(a)|a ∈ OS} be given. The group H ∩Eα
has finite index in Eα, so let Tα be a finite set of representatives of right
cosets of H ∩Eα in Eα. Choose h ∈ H . By [6, Theorem A] there is an
m ∈ N (independent from h), αi ∈ Φ and ei ∈ Eαi (dependent on h)
such that h = e1 · · · em. For each i ≤ m let hi ∈ Eαi ∩H and ti ∈ Tαi
be given such that ei = hiti. Notice that
h = e1 · · · em =
m∏
i=1
hiti
=
(
m∏
i=1
(t1 · · · ti−1)hi (t1 · · · ti−1)
−1
)
· (t1 · · · tm)
By Lemma 2 the elements (t1 · · · ti−1)hi (t1 · · · ti−1)
−1 are bounded in-
dependently of h, also m is independent of h, thus the element
m∏
i=1
(t1 · · · ti−1)hi(t1 · · · ti−1)
−1
is bounded independently of h. Furthermore, Φ is finite, all the sets Tα
are finite, thus there are only finitely many possibilities for the product
t1 · · · tm (independently of h) and hence h itself is uniformly bounded.
This finishes the proof for the irreducible case.
In the general case let Φ1, . . . ,Φm be the irreducible components of Φ
and let Gi = G(Φi,OS). Then the group G admits the following finite
central extension
1→ Z →
m∏
i=1
Gi
pi
−→ G→ 1,
where Z ⊂ Z (
∏m
i=1Gi) is finite. Hence H admits the following finite
central extension
1→ Z ∩ pi−1(H)→ pi−1(H)→ H → 1.
Since the quotient of a bounded group is bounded, it suffices to show
that pi−1(H) is bounded.
Consider the subgroups Hi := pi
−1(H)∩Gi for 1 ≤ i ≤ m and let H
′ :=∏m
i=1Hi. Since Hi is of finite index in Gi for each i = 1, . . . , m, H
′ has
finite index in pi−1(H). Moreover, each Hi is bounded, according to the
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first part of the proof which implies that H ′ is bounded. Consequently,
pi−1(H) is bounded which finishes the proof. 
Remark. The assumption on the components of Φ to have rank at
least 2 is necessary. Namely the group SL2(Z) = Z/4∗Z/2Z/6 is known
to be unbounded.
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